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Weighted inequalities for multilinear potential
operators and its commutators
Ana Bernardis, Osvaldo Gorosito and Gladis Pradolini ∗
Abstract
We prove weighted strong inequalities for the multilinear potential operator
Tφ and its commutator, where the kernel φ satisfies certain growth condition.
For these operators we also obtain Fefferman-Stein type inequalities and Coifman
type estimates. On the other hand we prove weighted weak type inequalities for
the multilinear maximal operator Mϕ,B associated to a essentially nondecreasing
function ϕ and to a submultiplicative Young function B. This result allows us to
obtain a weighted weak type inequality for the operator Tφ.
1 Introduction
In [Pe], C. Pe´rez proved weighted norm inequalities for general potential operators.
For a given nonnegative locally integrable function Φ defined in Rn, the potential operator
TΦ is defined by
(1.1) TΦf(x) =
∫
Rn
Φ(x− y)f(y) dy.
In a previous article E. Sawyer and R. Wheeden obtained Fefferman-Phong type condi-
tions on the weights and proved weighted boundedness results for the fractional integral
operator Iα between Lebesgue spaces (see [SW]). Motivated by this paper, Pe´rez con-
sidered weaker norms than those involved in the Fefferman-Phong type conditions in
[SW] and obtained weighted boundedness results for the potential operator TΦ, where
the kernel Φ satisfies certain growth condition. These norms are defined in terms of
certain mapping properties of appropriate maximal operators associated to each norm.
In the same article, the author considered the corresponding problem for the maximal
operator related to the potential operator TΦ defined by
MΦ˜f(x) = sup
x∈Q
Φ˜(l(Q))
|Q|
∫
Q
|f(y)| dy,
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where l(Q) is the sidelength of Q and
(1.2) Φ˜(t) =
∫
|z|≤t
Φ(z) dz.
Other authors also proved weighted norm inequalities involving the potential operator
defined in (1.1).
In [CUMP] the authors proved a Coifman type inequality by using extrapolation
arguments. More precisely, they showed that if w is a weight in the A∞ class, the L
p(w)
norm of Tφ is bounded by the L
p(w) norm of MΦ˜. They also obtained the corresponding
result in the context of Lorentz spaces.
On the other hand, in [LQY] and [L1] the authors obtained weighted Lp inequalities
of Fefferman-Stein type for TΦ and for the higher order commutators associated to this
operator, respectively whenever 1 < p <∞. These estimates involve pairs of weights of
the form (w,Mw), where M are suitable maximal operators.
Two weighted norm inequalities in the spirit of those in [Pe] were proved in [L2] for
the higher order commutators associated to Tφ.
In [PW] and [LYY], weighted inequalities like the ones described above were proved
in the general setting of the spaces of homogeneous type.
Motivated by the work in [LOPTT], K. Moen [M] considered the multilinear fractional
integral. For 0 < α < mn and the collection ~f = (f1, . . . , fm) of m functions on R
n this
operator is defined by
Iα ~f(x) =
∫
(Rn)m
1
(
∑m
i=1 |x− yi|)
mn−α
m∏
i=1
fi(yi) d~y.
For this operator, Moen obtained two weighted Lp − Lq estimates and a Coifman type
inequality, generalizing to the multilineal context the results given in [Pe] and [CUMP].
As a consequence of the two weighted inequalities, he obtained a generalized version of
the well known characterization proved in [MW]. He also obtained weighted weak and
strong inequalities for the multi(sub)linear fractional maximal operator.
A weighted weak type inequality for Iα and the control of the L
p(w) norm of Iα by
the Lp(Mw) norm of the multi(sub)linear fractional maximal operator, where M is the
Hardy-Littlewood maximal operator, were obtained in [P]. In this article the author
also obtained weighted inequalities for multi(sub)linear fractional maximal operators
associated to Young functions.
On the other hand, weighted strong boundedness and weighted endpoint estimates
for the multilinear commutator of Iα were proved in [CX]. The authors also studied the
multilinear fractional integral with homogeneous kernels.
In this paper we shall consider the multilinear potential operator defined as
(1.3) Tφ(~f)(x) =
∫
(Rn)m
φ(x− y1, . . . , x− ym)
m∏
i=1
fi(yi) d~y,
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where φ is a nonnegative function defined on (Rn)m. We shall also deal with the com-
mutator associated to this operator, given by
(1.4) T~b,φ(
~f)(x) =
m∑
j=1
Tbj ,φ(
~f)(x),
where
Tbj ,φ(
~f)(x) = bj(x)Tφ(~f)(x)− Tφ(f1, · · · , bjfj, · · · , fm)(x).
The aim of this paper is to prove weighted strong and weak type inequalities for these
multilinear operators like the ones described above. As in the case m = 1 we assume that
the function φ satisfies a growth condition. More precisely, we say that a non-negative
locally integrable function φ defined in (Rn)m satisfies a D-condition or that φ ∈ D if
there exist two positive constants δ and ǫ such that the inequality
sup
~w∈A
(2k,1,0)
φ(~w) ≤
C
2knm
∫
A
(2k,δ,ǫ)
φ(~y) d~y
holds for every k ∈ Z, where
(1.5) A(t,δ,ǫ) = {~y = (y1, · · · , ym) : δ(1− ǫ)t <
m∑
i=1
|yi| ≤ δ(1 + ǫ)2t}, t > 0.
Although the basic example of operators of this type is provided by the multilinear
fractional integral operator defined by the kernel φ(w1, . . . , wm) = (
∑m
i=1 |wi|)
α−nm
, for
0 < α < nm, another important example is the multilinear Bessel potential. For α > 0
the kernel of this operator is given by
Gα(x1, . . . , xm) = Cα,n,m
∫ ∞
0
e−te−
(
∑m
i=1 |xi|)
2
4t t(α−nm)/2
dt
t
,
where the constant Cα,n,m =
1
2nmΓ(α/2)πnm/2
. If ~ξ = (ξ1, . . . , ξm), ξi ∈ R
n, it is easy to see
that the Fourier transform of the kernel Gα valuated in ~ξ is given by
Ĝα( ~ξ ) =
(
1 + 4π2| ~ξ |
)−α/2
.
As in the case m = 1 (see [G, 418]), we can prove that if α is a positive number and
~x = (x1, . . . , xm) with xi ∈ R
n then Gα(~x) > 0 for every ~x ∈ (R
n)m. Moreover, there
exist positive constants C and c that only depend on α, n and m such that
Gα(~x) ≤ Ce
−|~x|/2, when |~x| ≥ 2,
and
c−1Hα(~x) ≤ Gα(~x) ≤ cHα(~x), for |~x| ≤ 2,
3
where Hα is a function that satisfies
Hα(~x) =

|~x|α−nm + 1 + o(|~x|α−nm+2) for 0 < α < nm,
log 1
|~x|
+ 1 + o(|~x|2) if α = nm,
1 + o(|~x|α−nm) if α > nm,
as |~x| → 0. As in the linear case, Gα satisfies condition D.
In the setting of the spaces of homogeneous type, D. Maldonado, K. Moen and V.
Naibo [MMN] defined the multilinear version of the potential type operators studied
in [PW]. They proved two weighted strong inequalities like the ones in [PW] for the
case m = 1. Observe that in the euclidean context and whenever K(x, y) = φ(x − y),
the growth condition in [MMN] is more restrictive than the condition D. It is easy
to check that condition D is satisfied by any radial increasing or decreasing function,
and functions φ essentially constants on annuli. Since we also work with commutator
operators, our results are not included in the results in [MMN].
2 Preliminaries
Let X be a Banach function space over Rn with respect to the Lebesgue measure.
Examples of these spaces are given by the Lebesgue Lp spaces, Lorentz spaces, Orlicz
spaces and so on. Given any measurable function f ∈ X and a cube Q ⊂ Rn, we define
the X average of f over Q to be
‖f‖X,Q = ‖δl(Q)(fχQ)‖X ,
where δaf(x) = f(ax) for a > 0 and χA denotes the characteristic function of the set A.
In particular, when X = LB, the Orlicz space associated to a Young function B,
‖f‖X,Q = ‖f‖LB,Q = inf
{
λ > 0 :
1
|Q|
∫
Q
B
(
|f(y)|
λ
)
dy ≤ 1
}
.
Particularly, when X = Lr, r ≥ 1, we have that
‖f‖X,Q = ||f ||Lr,Q =
(
1
|Q|
∫
Q
|f(y)|r
)1/r
.
Given a Banach function space X there exists an associated Banach function space
X ′ for which the generalized Ho¨lder’s inequality,∫
Rn
|f(x)g(x)| dx ≤ ‖f‖X‖g‖X′,
holds. Notice that if we apply the above inequality to δl(Q)(fχQ) and δl(Q)(gχQ) we get
that
||fg||L1,Q ≤ ‖f‖X,Q‖g‖X′,Q.
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On the other hand, when we deal with Orlicz spaces a further generalization of Ho¨lder’s
inequality that will be useful later is the following: If A,B and C are Young functions
and
A−1(t)B−1(t) ≤ C−1(t)
then
‖fg‖LC,Q ≤ 2‖f‖LA,Q‖g‖LB,Q,
when C(t) = t, the function B is called the complementary function of A.
In general, if C and Ci are Young functions such that
m∏
i=1
C−1i (t) ≤ C
−1(t)
then
‖
m∏
i=1
fi‖LC ,Q ≤ C
m∏
i=1
‖fi‖LCi ,Q .
For more information about Orlicz spaces see [O].
We shall say that the function ϕ : (0,∞) → (0,∞) is essentially nondecreasing if
there exists a positive constant ρ such that, if t ≤ s then ϕ(t) ≤ ρϕ(s). We shall
also suppose that limt→∞
ϕ(t)
t
= 0. Let X1, . . . , Xm be m Banach function spaces and
~X = (X1, . . . , Xm). If ϕ is a essentially nondecreasing function, the multilinear maximal
operator Mϕ, ~X associated to ϕ and
~X is defined by
Mϕ, ~X
~f(x) = sup
Q∋x
ϕ(|Q|)
m∏
i=1
‖fi‖Xi;Q.
If ~X = (X, . . . , X) we simply write Mϕ,X and Mϕ,X if m = 1. If ϕ ≡ 1 we write M ~X ,
MX or MX respectively. When X is an Orlicz space L
B, sometimes we shall denote
with || · ||B the norm || · ||LB and with Mϕ,B the operator Mϕ,LB . In particular, when
B(t) = tp(1 + log+ t)α, for any α > 0 and p ≥ 1, we shall use the notation || · ||Lp(logL)α,Q
and Mϕ,Lp(logL)α to denote the corresponding norm and maximal operator.
Associated to the kernel φ we denote Φθ, 0 < θ ≤ 1, to be the positive function
defined for t > 0 by
(2.1) Φθ(t) =
 ∑
ν∈Z, ν≥log1/2 t
(∫
A(2−ν ,δ,ǫ)
φ(~y) d~y
)θ1/θ .
For ϕ(t) = Φθ(t
1/n) the corresponding multilinear maximal operator Mϕ,X will be
denoted by MΦθ,X .
Let 1 < p1, . . . , pm < ∞ such that 1/p =
∑m
i=1 1/pi and suppose that MXi : L
pi →
Lpi. From the fact that M ~X
~f(x) ≤
∏m
i=1MXifi(x) and applying Ho¨lder’s inequality we
obtain that
M ~X : L
p1(Rn)× · · · × Lpm(Rn)→ Lp(Rn).
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When we deal with the commutator defined in (1.4) we suppose that the vector of
symbols ~b = (b1, . . . , bm) ∈ BMO
m and we omit this hypothesis. Moreover, we denote
‖~b‖∗ = sup1≤j≤m ‖bj‖∗.
If A(t) = et − 1, let || · ||expL,Q denote the average || · ||LA,Q. By the John Niremberg
inequality we get that ||b− bQ||expL,Q ≤ C||b||∗ for any BMO function b. In the proof of
the results we shall use frecuently the following inequality
1
|Q|
∫
|b− bQ||f | ≤ C||b− bQ||expL,Q||f ||L(logL),Q ≤ C||b||∗||f ||L(logL),Q
which can be proved by Ho¨lder inequality.
In this paper we shall use the following properties of the weights. We say that a
weight w satisfies a Reverse Ho¨lder’s inequality with exponent s > 1, or equivalently, we
say that w ∈ RH(s), if there exists a positive constant C such that(
1
|Q|
∫
Q
ws
)1/s
≤ C
(
1
|Q|
∫
Q
w
)
,
for all cube Q. We say that w ∈ RH∞ if there exists a positive constant C such that the
inequality
sup
x∈Q
w(x) ≤
C
|Q|
∫
Q
w
holds for every Q ⊂ Rn.
In all the results of this paper we shall use the following notation: with T~bℓ,φ we shall
denote the operator Tφ when ℓ = 0 and the commutator T~b,φ when ℓ = 1. We also use
Cℓ to denote a constant that depend on the norm ‖~b‖∗ if ℓ = 1.
Sometimes we shall only estimate the term T~bj ,φ in the definition of the commutator
given in (1.4) since the final estimate goes straightforward.
3 Statement of the main results
3.1 Strong type results
In the next theorem we give Fefferman-Phong type conditions on the weights in order
to obtain the boundedness of the operator Tφ and its commutator between weighted
Lebesgue spaces.
For 1 ≤ i, j ≤ m, δi,j will be 1 if i = j and will be 0 if i 6= j. If u, v1, . . . , vm are
weights we write (u,~v) = (u, v1, . . . , vm). Let Yi,j and Y˜i,j, i, j = 1, . . . , m be Banach
function spaces. We denote Y and Y˜ the matrix whose components are Yi,j and Y˜i,j
respectively.
(3.1) Theorem: Let ℓ ∈ {0, 1} be given. Let 1 < p1, . . . , pm < ∞, with 1/p =∑m
i=1 1/pi, let q be an exponent satisfying 1/m < p ≤ q < ∞ and let φ ∈ D. For
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k ∈ {0, 1}, k ≤ ℓ, and i, j ∈ {1, · · · , m}, let Xk, X˜k, Y ki,j and Y˜
k
i,j be Banach function
spaces such that
||fg||L(logL)k,Q ≤ 2||f ||Xk,Q||g||X˜k,Q,
||fg||L(logL)kδi,j ,Q ≤ 2||f ||Y ki,j,Q||g||Y˜ ki,j,Q,
for every cube Q. If ~˜Y kj = (Y˜
k
1,j, . . . , Y˜
k
m,j) denotes the j-th column in Y˜
k suppose that
for every k ∈ {0, 1}, k ≤ ℓ,
M ~˜Y kj
: Lp1(Rn)× · · · × Lpm(Rn)→ Lp(Rn).
For the weights (u,~v) let us write
(3.2) W(θ, γ,X,Y) = max
1≤j≤m
sup
Q
Φθ(l(Q)) |Q|
1/q−1/p ||uγ||
1/γ
X,Q
m∏
i=1
||v−1i ||Yi,j,Q.
Suppose that one of the following two conditions holds
i) q > 1, MX˜k : L
q′(Rn) → Lq
′
(Rn), for every k ∈ {0, 1}, k ≤ ℓ, and (u,~v) are weights
that satisfy
(3.3) max{W(1, 1, Xℓ,Y0), ℓ W(1, 1, X0,Y1)} <∞
ii) q ≤ 1 and (u,~v) are weights that satisfy
(3.4) max{W(q, q, L(logL)ℓq,Y0), ℓ W(q, 1, L,Y1)} <∞
Then there exists a constant Cℓ such that the inequality
(3.5)
(∫
Rn
(|T~bℓ,φ
~f | u)q
)1/q
≤ Cℓ
m∏
i=1
(∫
Rn
(|fi|vi)
pi
)1/pi
holds for every ~f ∈ Lp1(vp11 )× · · · × L
pm(vpmm ).
Notice that, in the case q > 1, the factor involving the function φ in the conditions
on the weights is given by Φ1(l(Q)). Also notice that Φ1(t) is equivalent to φ˜(δ(1 + ǫ)t),
where δ and ǫ are the constant in condition D and φ˜ is the function defined in (1.2).
Then, when q > 1 we get the corresponding conditions on the weights that the ones
previously obtained in the linear cases or for the multilinear fractional integral. On the
other hand, when the function φ is any radial increasing or decreasing function, or φ is
essentially constant on annuli, then the function Φθ(t), 0 < θ ≤ 1, is equivalent to the
function φ˜(δ(1 + ǫ)t). In particular, when φ(~y) = (
∑m
i=1 |yi|)
α−nm we recover the results
in [M] for the case ℓ = 0.
In the following remarks we give some examples of Banach function spaces that can
be used in conditions (3.3) and (3.4).
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(3.6)Remark: When we consider the operator Tφ (ℓ = 0), we get the theorem above for
X0 = Lqr and Y 0i,j = L
rp′i for every j = 1, . . . , m and for some r > 1 (with X˜0 = L(qr)
′
and
Y˜ 0i,j = L
(rp′i)
′
). Using Orlicz spaces we get a better result. In fact, applying the examples
of Young functions give in [CUP] (see page 828) we can take X0 = Lq(logL)q−1+δ and
Y 0i,j = L
p′i(logL)p
′
i−1+δ, for every j = 1, . . . , m and for some δ > 0.
(3.7) Remark: When ℓ = 1, that is, when we consider the operator T~b,φ, we get the
theorem above with X0 = Lq(logL)q−1+δ , X1 = Lq(logL)2q−1+δ, Y 0i,j = L
p′i(logL)p
′
i−1+δ
for every j = 1, . . . , m, Y 1i,j = L
p′i(logL)p
′
i−1+δ for i 6= j and Y 1j,j = L
p′j (logL)2p
′
j−1+δ. The
case m = 1 of Theorem 3.1 improves the results in [L2].
As a consequence of Theorem 3.1 we obtain the following Fefferman-Stein type results.
(3.8) Corollary: Let 1 < p1, . . . , pm < ∞ with 1/p =
∑m
i=1 1/pi, ℓ ∈ {0, 1} and let
φ ∈ D.
i) If p > 1, for each 0 < δ < 1 there exists a constant Cℓ,δ such that(∫
Rn
|T~bℓ,φ
~f |pΠmi=1u
p/pi
i
)1/p
≤ Cℓ
m∏
i=1
(∫
Rn
|fi|
piMΦp1,L(logL)p(1+ℓ)−1+δ(ui)
)1/pi
.
ii) If p ≤ 1 and ℓ = 0, there exists a constant Cℓ such that(∫
Rn
|Tφ ~f |
pΠmi=1u
p/pi
i
)1/p
≤ Cℓ
m∏
i=1
(∫
Rn
|fi|
piMΦpp,L(ui)
)1/pi
.
iii) If p ≤ 1 and ℓ = 1 there exists a constant Cℓ such that(∫
Rn
|T~b,φ
~f |pΠmi=1u
p/pi
i
)1/p
≤ Cℓ
m∏
i=1
(∫
Rn
|fi|
piMΦpp,L1/p(ui)
)1/pi
.
(3.9) Remark: If we take m = 1, ℓ = 0 and δ = [p] + 1− p in the estimate in i) of the
Corollary above we recover a result obtained in [LQY]. On the other hand, by taking
m = 1, ℓ = 1 and δ = [2p] + 1 − 2p, the estimate in i) improves the result given in [L1]
for the first order commutator.
In the following result we obtain Coifman type inequalities for the multilinear poten-
tial operators and its commutators.
(3.10) Theorem: Let φ ∈ D, ℓ ∈ {0, 1} and w ∈ A∞. Then, for every ~f = (f1, . . . , fm)
with fi bounded with compact support, we get the following inequalities.
i) If 0 < p ≤ 1 and ℓ = 0, there exists a constant Cℓ such that∫
Rn
|Tφ ~f(x)|
p w(x) dx ≤ Cℓ
∫
Rn
[MΦp,L
~f(x)]pw(x) dx.
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ii) If 0 < p ≤ 1, ℓ = 1 and w ∈ RH(1/p), there exists a constant Cℓ such that∫
Rn
|T~b,φ
~f(x)|p w(x) dx ≤ Cℓ
∫
Rn
[MΦp,L(logL)
~f(x)]p w(x) dx.
iii) If p > 1, there exists a constant Cℓ such that∫
Rn
|T~bℓ,φ
~f(x)|p w(x) dx ≤ Cℓ
∫
Rn
[MΦ1,L(logL)ℓ
~f(x)]pw(x) dx.
For ℓ = 0, the result above was proved in [M] for the case of the multilinear fractional
integral. On the other hand, when m = 1 an analogous result was obtained in [LYY] on
spaces of homogeneous type.
The following theorem contains other weighted inequalities for the operators T~bℓ,φ
that we shall use in the next section to prove weak type inequalities.
(3.11) Theorem: Let φ ∈ D, ℓ ∈ {0, 1}, and u a weight.
i) If 0 < p ≤ 1, there exists a constant Cℓ such that∫
Rn
|T~bℓ,φ
~f(x)|p u(x) dx ≤ Cℓ
∫
Rn
[MΦ1,L(logL)ℓ
~f(x)]pML(logL)ℓu(x) dx.
ii) If p > 1, there exists a constant Cℓ such that∫
Rn
|T~bℓ,φ
~f(x)|p u(x) dx ≤ Cℓ
∫
Rn
[MΦ1,L(logL)ℓ
~f(x)]pML(logL)[ℓp+p]u(x) dx.
(3.12) Remark: For m = 1 and p > 1 the result above was proved in [Pe1] for the
fractional integral operator Iα.
3.2 Weak type results
The following theorem is a weighted endpoint estimate for the multilinear maximal
operator Mϕ,B.
(3.13) Theorem: Let ϕ be a essencially nondecreasing function, B a submultiplicative
Young function, Bm =
m︷ ︸︸ ︷
B ◦ · · · ◦ B, ψ = Bm ◦ ϕ1/m and u =
∏m
i=1 u
1/m
i . Then
sup
λ>0
1
Bm(1/λ)
u
({
x ∈ Rn :Mϕ,B ~f(x) > λ
m
})m
≤ C
m∏
i=1
∫
Rn
Bm(|fi|)Mψ,Lui.
Particularly, if 0 ≤ α < nm and ϕ(t) = tα, the result above was proved in [P]. On
the other hand, when ϕ(t) = 1 and B(t) = t(1 + log+ t) an analogous result was proved
in [PPTT]. Similar estimates for several maximal operators can be found in [LOPTT]
in the multilineal context, and, for example, in [FS], [Pe3] in the case m = 1.
The next “control type” result follows by applying similar techniques to those in [P]
for the case of multilinear fractional operators.
9
(3.14) Theorem: Let φ ∈ D, ℓ ∈ {0, 1}, δ0, δ1 > 0 and let u be a weight. Then there
exists a constant Cℓ such that
‖T~bℓ,φ
~f‖L1/m,∞(u) ≤ Cℓ‖MΦ1,L(logL)ℓ
~f‖L1/m,∞(M
L(logL)ℓ+δℓ
u).
As an easy consequence of Theorem 3.14, Theorem 3.13 applied to the case B(t) = t,
and the inequality ML(logL)δ(u) ≤
∏m
i=1[ML(logL)δ(ui)]
1/m, we obtain the following result
for the multilinear potential operator.
(3.15) Corollary: Let φ ∈ D, δ > 0 and let u =
∏m
i=1 u
1/m
i . Then
‖Tφ ~f‖L1/m,∞(u) ≤ C
m∏
i=1
∫
Rn
|fi|MΦ1/m1 ,L
(ML(logL)δ(ui)).
The case m = 1 of theorem above was proved in [CPSS] for φ(t) = tα−n and in [P]
for m > 1 and φ(t) = tα−nm.
4 Proofs of strong type results
We begin this section proving the following lemma based in the discretization method
developed in [Pe] (see [M] for the case of the multilinear fractional integral).
(4.1) Lemma: Let fi, i = 1, . . . , m, be positive functions with compact support, let u
be a weight and φ ∈ D. Let ℓ ∈ {0, 1}, 0 < q ≤ 1 and, for j ∈ {1, . . . , m} let bj be a BMO
function. Then there exist a constant Cℓ, two family of dyadic cubes {Q
0
k,η}k,η∈Z and
{Qjk,η}k,η∈Z and two family of pairwise disjoint subsets {E
0
k,η} and {E
j
k,η}, E
0
k,η ⊂ Q
0
k,η
and Ejk,η ⊂ Q
j
k,η with
|Q0k,η| ≤ C|E
0
k,η| and |Q
j
k,η| ≤ C|E
j
k,η|
for some positive constant C and for every k, η, such that∫
Rn
[|Tbℓj ,φ(
~f)|u]q ≤ Cℓ
∑
k,η
Φq(l(Q
0
k,η))
q||uq||L(logL)ℓq ,3Q0k,η
m∏
i=1
||fi||
q
L,3Q0k,η
|E0k,η|
+ℓCℓ
∑
k,η
Φq(l(Q
j
k,η))
q||u||q
L,3Qjk,η
m∏
i=1
||fi||
q
L(logL)δi,j ,3Qjk,η
|Ejk,η|.
Proof. Proceeding as in the proof of Proposition 3.4 in [CUMP])we can assume that the
weight u has compact support. For each t > 0 we set φ¯(t) = sup~y∈A(t,1,0) φ(~y), where
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A(t,δ,ǫ) is the set defined in (1.5). Then, if xˆ− ~y = (x− y1, . . . , x− ym), we get
|Tbℓj ,φ(
~f)(x)| ≤
∑
ν∈Z
∫
xˆ−~y∈A(2ν−1,1,0)
|bj(x)− bj(yj)|
ℓφ(xˆ− ~y)
m∏
i=1
fi(yi) d~y
≤
∑
ν∈Z
φ¯(2ν−1)
∫
∑m
i=1 |x−yi|<2
ν
|bj(x)− bj(yj)|
ℓ
m∏
i=1
fi(yi) d~y
≤
∑
ν∈Z
∑
{Q:l(Q)=2ν}
φ¯
(
l(Q)
2
)
χQ(x)
∫
(3Q)m
|bj(x)− bj(yj)|
ℓ
m∏
i=1
fi(yi) d~y
(4.2)
≤
∑
Q∈D
φ¯
(
l(Q)
2
)
|bj(x)− (bj)Q|
ℓχQ(x)
m∏
i=1
∫
3Q
fi(yi) dyi
+ ℓ
∑
Q∈D
φ¯
(
l(Q)
2
)
χQ(x)
m∏
i=1, i 6=j
(∫
3Q
fi(yi) dyi
)
×
(∫
3Q
|bj(yj)− (bj)Q|
ℓfj(yj) dyj
)
.
From the above estimate, using the generalized Ho¨lder inequality and the estimate ||(b−
bQ)
q||expL1/q,Q ≤ C||b||
q
∗ that holds for any BMO function b, we get∫
Rn
[
|Tbℓj ,φ(
~f)|u
]q
≤
∑
Q∈D
φ¯
(
l(Q)
2
)q (∫
Q
|bj − (bj)Q|
ℓquq
)
|3Q|mq
m∏
i=1
||fi||
q
L,3Q
+ ℓ
∑
Q∈D
φ¯
(
l(Q)
2
)q (∫
Q
uq
)∏
i 6=j
(∫
3Q
fi
)q (∫
3Q
|bj − (bj)Q|
ℓfj
)q
≤ C||bj||
ℓq
∗
∑
Q∈D
φ¯
(
l(Q)
2
)q
||uq||L(logL)ℓq ,Q|3Q|
mq+1
m∏
i=1
||fi||
q
L,3Q
+ ℓC||bj||
ℓq
∗
∑
Q∈D
φ¯
(
l(Q)
2
)q
||uq||L,Q|3Q|
mq+1
m∏
i=1
||fi||
q
L(logL)δi,j ,3Q
= C||bj||
ℓq
∗
∑
Q∈D
φ¯
(
l(Q)
2
)q
||uq||L(logL)ℓq ,Q|3Q|
mq+1
m∏
i=1
||fi||
q
L,3Q
+ ℓC||bj||
ℓq
∗
∑
Q∈D
φ¯
(
l(Q)
2
)q
||u||qL,Q|3Q|
mq+1
m∏
i=1
||fi||
q
L(logL)δi,j ,3Q
.
Notice that, since q ≤ 1 in the last line of the inequalities above we have used that
||uq||L,Q ≤ ||u||
q
L,Q.
From the results in [M] we get the following Caldero´n-Zygmund decomposition. For
~h = (h1, . . . , hm) let
M3D~h(x) = sup
x∈Q∈D
m∏
i=1
||hi||L,3Q
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and
Dk = {x ∈ R
n : M3D~h(x) > a
k}
with a > 6n||ML||, where ||ML|| is the constant from the L
1 × · · · × L1 → L1/m,∞
inequality for ML. It was proved in [M] that there exists a family Qk,η of maximal,
disjoint and dyadic cubes such that Dk =
⋃
η∈ZQk,η, and
ak <
m∏
i=1
||hi||L,3Qk,η ≤ 2
nmak.
Moreover, if Ek,η = Qk,η \ Dk+1 then {Ek,η}k,η is a disjoint family of sets that satisfies
|Qk,η| ≤ C|Ek,η|, for some positive constant C.
Observe that the cubes Qk,η and the sets Ek,η depend on the function ~h. We shall
apply the above results to two different functions. In one case we shall use ~h = ~f and
in this case we shall denote with Q0k,η and E
0
k,η the corresponding cubes and sets. In
the other case we shall apply the above decomposition with ~h = (hj1, . . . , h
j
m), where
hji = fi if i 6= j and h
j
j = u. In this second case we shall denote with Q
j
k,η and E
j
k,η the
corresponding cubes and sets. On the other hand, let
F jk = {Q ∈ D : a
k <
m∏
i=1
||hji ||L,3Q ≤ a
k+1}
and let F0k be the above set with fi instead of h
j
i . Then∫
Rn
[
|Tbℓj ,φ(
~f)|u
]q
≤ Cℓ
∑
k∈Z
a(k+1)q
∑
Q∈F0k
φ¯
(
l(Q)
2
)q
|3Q|mq+1||uq||L(logL)ℓq ,Q
+ℓCℓ
∑
k∈Z
a(k+1)q
∑
Q∈Fjk
φ¯
(
l(Q)
2
)q
|3Q|mq+1||fj||
q
L(logL),3Q
≤ Cℓ
∑
k∈Z
a(k+1)q
∑
η
∑
Q∈F0k :Q⊂Q
0
k,η
φ¯
(
l(Q)
2
)q
|3Q|mq+1||uq||L(logL)ℓq ,3Q
+ℓCℓ
∑
k∈Z
a(k+1)q
∑
η
∑
Q∈Fjk :Q⊂Q
j
k,η
φ¯
(
l(Q)
2
)q
|3Q|mq+1||f qj ||L1/q(logL),3Q
It is easy to prove (see for example [L2]) that for any dyadic cubeQ0 with l(Q0) = 2
−ν0
and any Young function ψ, there exists a positive constant C such that∑
{Q⊂Q0,l(Q)=2−ν}
|3Q| ||f ||Lψ,3Q ≤ C|3Q0| ||f ||Lψ,3Q0.
On the other hand, since φ ∈ D,∑
ν≥ν0
[2−νnmφ¯(2−ν−1)]q ≤ C
∑
ν≥ν0
(∫
A(2−ν−1,δ,ǫ)
φ(~y) d~y
)q
= CΦq(l(Q0))
q.
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From the results above we get that there exists C > 0 such that
∑
{Q:Q⊂Q0}
φ¯
(
l(Q)
2
)q
|3Q|mq+1||f ||Lψ,3Q = 3
nmq
∑
ν≥ν0
[2−νnmφ¯(2−ν−1)]q
×
∑
{Q⊂Q0,l(Q)=2−ν}
|3Q|||f ||Lψ,3Q
≤ CΦq(l(Q0))
q|3Q0|||f ||Lψ,3Q0
where C depends on δ, ǫ in condition D. Using the inequality above with ψ(t) =
t(1 + log+ t)ℓq and ψ(t) = t1/q(1 + log+ t) we get∫
Rn
[
|Tbℓj ,φ(
~f)|u
]q
≤ Cℓ
∑
k,η
Φq(l(Q
0
k,η))
q||uq||L(logL)ℓq ,3Q0k,η
m∏
i=1
||fi||
q
L,3Q0k,η
|E0k,η|
+ℓCℓ
∑
k,η
Φq(l(Q
j
k,η))
q||u||q
L,3Qjk,η
m∏
i=1
||fi||
q
L(logL)δi,j ,3Qjk,η
|Ejk,η|.
Proof of theorem 3.1: Let us first consider the case q > 1. It is enough to prove that, for
every j = 1, . . . , m,∫
Rn
|Tbℓj ,φ(
~f)(x)|u(x)g(x) dx ≤ Cℓ‖g‖q′
m∏
i=1
‖fivi‖pi,
for all g ∈ Lq
′
(Rn), with g ≥ 0, and for all positive function fi bounded with compact
support. From Lemma 4.1 with q = 1, the generalized Ho¨lder’s inequality and condition
(3.3) we have that∫
Rn
|Tbℓj ,φ
~f |ug ≤ Cℓ
∑
k,η
Φ1(3l(Q
0
k,η))||ug||L(logL)ℓ,Q0k,η
m∏
i=1
||fi||L,3Q0k,η |E
0
k,η|
+ℓCℓ
∑
k,η
Φ1(3l(Q
j
k,η))||ug||L,3Qjk,η
m∏
i=1
||fi||L(logL)δi,j ,3Qjk,η
|Ejk,η|
≤ Cℓ
∑
k,η
||g||X˜ℓ,3Q0k,η
m∏
i=1
||fivi||Y˜ 0i,j ,3Q0k,η
|E0k,η|
1/p+1/q′
+ℓCℓ
∑
k,η
||g||X˜0,3Qjk,η
m∏
i=1
||fivi||Y˜ 1i,j ,3Q
j
k,η
|Ejk,η|
1/p+1/q′
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By Ho¨lder’s inequality and the fact that p ≤ q we obtain that
∫
Rn
|Tbℓjφ
~f |ug ≤ Cℓ
(∑
k,η
||g||q
′
X˜ℓ,3Q0k,η
|E0k,η|
)1/q′ (∑
k,ℓ
|E0k,η|
q/p
m∏
i=1
||fivi||
q
Y˜ 0i,j ,3Q
0
k,η
)1/q
+ℓCℓ
(∑
k,ℓ
||g||q
′
X˜0,3Qjk,η
|Ejk,η|
)1/q′ (∑
k,ℓ
|Ejk,η|
q/p
m∏
i=1
||fivi||
q
Y˜ 1i,j ,3Q
j
k,η
)1/q
≤ Cℓ
(∫
Rn
[MX˜ℓ(g)]
q′
)1/q′ (∑
k,η
|E0k,η|
m∏
i=1
||fivi||
p
Y˜ 0i,j ,3Q
0
k,η
)1/p
+ℓCℓ
(∫
Rn
[MX˜0(g)]
q′
)1/q′ (∑
k,η
|Ejk,η|
m∏
i=1
||fivi||
p
Y˜ 1i,j ,3Q
j
k,η
)1/p
≤ Cℓ
(∫
Rn
MX˜ℓ(g)
q′
)1/q′ (∫
Rn
[
M ~˜Y 0j
( ~fv)
]p)1/p
+ℓCℓ
(∫
Rn
MX˜0(g)
q′
)1/q′ (∫
Rn
[
M ~˜Y 1j
( ~fv)
]p)1/p
,
where ~fv = (f1v1, . . . , fmvm). Then by the hypotheses on the boundedness properties of
M ~˜Y kj
and MX˜k , k ∈ {0, 1}, k ≤ ℓ, we conclude the proof of the case q > 1.
Suppose now that 1/m < p ≤ q ≤ 1. From Lemma 4.1, by the generalized Ho¨lder’s
inequality, condition (3.4) and the fact that p ≤ q we obtain that
(∫
Rn
[
|Tbℓj ,φ(
~f)(x)| u(x)
]q
dx
)1/q
≤ Cℓ
(∑
k,η
m∏
i=1
||fivi||
q
Y˜ 0i,j,3Q
j,0
k,η
|Ej,0k,η|
q/p
)1/q
+ℓCℓ
(∑
k,η
m∏
i=1
||fivi||
q
Y˜ 1i,j ,3Q
j
k,η
|Ejk,η|
q/p
)1/q
≤ Cℓ
(∫
Rn
[M ~˜Y 0j
(
−→
fv)]p
)1/p
+ℓCℓ
(∫
Rn
[M ~˜Y 1j
(
−→
fv)]p
)1/p
,
and from the hypotheses on the boundedness of the multilinear maximal operatorM ~˜
Y kj
,
k ∈ {0, 1}, k ≤ ℓ, we finally get the theorem. 
Proof of Corollary 3.8: For the case p > 1 and ℓ = 0, the proof follows from Theorem
3.1 and Remark 3.6 by taking p = q, X0 = Lp(logL)p−1+δ for some 0 < δ < 1, Y 0i,j any
Orlicz space such that the maximal operator associated to the space Y˜ 0i,j is bounded from
Lpi into Lpi , i = 1, . . . , m, u = Πmi=1u
1/pi
i and vi = [MΦp1 ,L(logL)p−1+δ(ui)]
1/pi. In fact, we
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use the generalized Ho¨lder’s inequality with C(t) = tp(1+log+ t)p−1+δ and Ci(t) = t
pi(1+
log+ t)p−1+δ, 1 ≤ i ≤ m to estimate ||u||X0 and the inequality MΦp1,L(logL)p−1+δ(ui)(x) ≥
Φ1(l(Q))
p||ui||L(logL)p−1+δ,Q, for all x ∈ Q, to estimate ||v
−1
i ||Y 0i,j . In a similar way we can
prove the result for p ≤ 1 and ℓ = 0.
For the case p > 1 and ℓ = 1, as in the previous case, the proof follows from Theorem
3.1 and Remark 3.7 by taking p = q, Y 0i,j and Y
1
i,j be any Orlicz spaces such that the
maximal operators associated to the spaces Y˜ 0i,j and Y˜
1
i,j are bounded from L
pi into Lpi,
i = 1, . . . , m, X0 = Lp(logL)p−1+δ, X1 = Lp(logL)2p−1+δ and the weights u = Πmi=1u
1/pi
i
and vi = [MΦp1 ,L(logL)2p−1+δ(ui)]
1/pi. For the case p ≤ 1 and ℓ = 1 take u = Πmi=1u
1/pi
i and
vi = [MΦpp,L1/p(logL)p(ui)]
1/pi .
Proof of theorem 3.10 : We start proving the case p ≤ 1. By taking q = p and u = w1/p
in Lemma 4.1 we obtain∫
Rn
|Tbℓj ,φ(
~f)|p w ≤ Cℓ
∑
k,η
Φp(l(Q
0
k,η))
p||w||L(logL)ℓp,3Q0k,η
m∏
i=1
||fi||
p
L,3Q0k,η
|E0k,η|
+ℓCℓ
∑
k,η
Φp(l(Q
j
k,η))
p||w1/p||p
L,3Qjk,η
m∏
i=1
||fi||
p
L(logL)δi,j ,3Qjk,η
|Ejk,η|.
Since w ∈ A∞ then w satisfies the reverse Ho¨lder’s condition RH(s) for some s > 1.
Then, from the fact that ‖.‖L(logL)ℓp,Q ≤ ‖.‖Ls,Q for any s > 1, the condition RH(s) and
the condition RH(1/p) for the case ℓ = 1, we get that∫
Rn
|Tbℓj ,φ(
~f)|p w ≤ Cℓ
∑
k,η
Φp(l(Q
0
k,η))
p||w||L,3Q0k,η
m∏
i=1
||fi||
p
L,3Q0k,η
|E0k,η|
+ℓCℓ
∑
k,η
Φp(l(Q
j
k,η))
p||w||L,3Qjk,η
m∏
i=1
||fi||
p
L(logL)δi,j ,3Qjk,η
|Ejk,η|.
Since w ∈ A∞ and |Qk,η| ≤ C|Ek,η| we obtain that w(Qk,η) ≤ Cw(Ek,η), so that∫
Rn
|Tbℓj ,φ(
~f)|p w ≤ Cℓ
∑
k,η
Φp(l(Q
0
k,η))
p
m∏
i=1
||fi||
p
L,3Q0k,η
w(E0k,η)
+ℓCℓ
∑
k,η
Φp(l(Q
j
k,η))
p
m∏
i=1
||fi||
p
L logL,3Qjk,η
w(Ejk,η)
≤ Cℓ
∑
k,η
∫
E0k,η
[MΦp ~f(x)]
pw(x) dx
+ℓCℓ
∑
k,η
∫
Ejk,η
[MΦp,L logL ~f(x)w(x)]
p dx
≤ Cℓ
∫
Rn
[MΦp,L(logL)ℓ
~f(x)]pw(x) dx.
15
The case p > 1 follows from the case p = 1 by applying the extrapolation theorem in
[CUMP]. 
We shall use the next two results to prove Theorem 3.11. The first one is a corollary
of Lemma 4.1 and the second one was proved in [CN].
(4.3) Corollary: Let φ ∈ D and let v be a weight satisfying the RH∞ condition. If u
is a weight, then there exists a positive constant Cℓ such that∫
Rn
|T~bℓ,φ
~f(x)| u(x) v(x) dx ≤ Cℓ
∫
Rn
MΦ1,L
~f(x)ML(logL)ℓu(x) v(x) dx
+ℓCℓ
∫
Rn
MΦ1,L logL
~f(x)Mu(x) v(x) dx.
Proof: Since v ∈ RH∞ then v ∈ A∞. Thus, if |Q| ≤ C|E| then v(Q) ≤ Cv(E). From
Lemma 4.1 with q = 1 we have that∫
Rn
|Tbℓj ,φ(
~f)| u v ≤ Cℓ
∑
k,η
Φ1(l(Q
0
k,η))||u||L(logL)ℓ,3Q0k,η
m∏
i=1
||fi||L,3Q0k,η sup
3Q0k,η
v |E0k,η|
+ℓCℓ
∑
k,η
Φ1(l(Q
j
k,η))||u||L,3Qjk,η
m∏
i=1
||fi||L(logL)δi,j ,3Qjk,η
sup
3Qjk,η
v |Ejk,η|
≤ Cℓ
∑
k,η
Φ1(l(Q
0
k,η))||u||L(logL)ℓ,3Q0k,η
m∏
i=1
||fi||L,3Q0k,ηv(E
0
k,ℓ)
+ℓCℓ
∑
k,η
Φ1(l(Q
j
k,η))||u||L,3Qjk,η
m∏
i=1
||fi||L(logL)δi,j ,3Qjk,η
v(Ejk,η)
≤ Cℓ
∑
k,η
∫
E0k,η
MΦ1,L(
~f) ML(logL)ℓ(u) v
+ℓCℓ
∑
k,η
∫
Ejk,η
MΦ1,L(logL)(
~f) M(u) v.
(4.4) Lemma: Let g be a function such that M(g) is finite a.e. and α > 0. Then
M(g)−α ∈ RH∞.
Proof of theorem 3.11 :
i) We follow similar arguments to those in [CPSS], (see also [P] for the multilinear case).
We shall use the duality in Lp(µ) spaces for p < 1: if f ≥ 0
‖f‖Lp(µ) = inf{
∫
fu−1 dµ : ‖u−1‖Lp′(µ) = 1} =
∫
fu−10 dµ,
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for some u0 ≥ 0 such that ‖u
−1
0 ‖Lp′ (µ) = 1, with p
′ = p
p−1
< 0. This follows from the
following reverse Ho¨lder’s inequality, which is a consequence of the Ho¨lder’s inequality,
(4.5)
∫
fg dµ ≥ ‖f‖Lp(µ)‖g‖Lp′(µ).
Given a weight u, we shall use the above results with an absolutely continuous mea-
sure µ with density ML(logL)ℓu. In fact, let g be a nonnegative function such that
‖g−1‖Lp′ (M
L(logL)ℓ
u) = 1 and
‖MΦ1,L(logL)ℓ
~f‖Lp(M
L(logL)ℓ
u) =
∫
MΦ1,L(logL)ℓ
~f
ML(logL)ℓu
g
.
Let δ > 0. By the Lebesgue differentiation theorem we get
‖MΦ1,L(logL)ℓ
~f‖Lp(M
L(logL)ℓ
u) ≥
∫
MΦ1,L(logL)ℓ
~f
ML(logL)ℓu
Mδ(g)
,
where Mδ(g) = M(g
δ)1/δ. Then applying Lemma 4.4 and Corollary 4.3 to the weight
Mδ(g)
−1 and the reverse Ho¨lder’s inequality (4.5), we obtain that
(Cℓ + ℓCℓ)‖MΦ1,L(logL)ℓ
~f‖Lp(M
L(logL)ℓ
u) ≥ Cℓ
∫
MΦ1,L
~f
ML(logL)ℓu
Mδ(g)
+ℓCℓ
∫
MΦ1,L(logL)ℓ
~f
Mu
Mδ(g)
≥
∫
Rn
|T~bℓ,φ
~f(x)|
u(x)
Mδ(g)
dx
≥ ‖T~bℓ,φ
~f‖Lp(u)‖Mδ(g)
−1‖Lp′(u).
To finish the proof we shall show that
‖Mδ(g)
−1‖Lp′ (u) ≥ ‖g
−1‖Lp′(Mu) = 1.
Since p′ < 0, this is equivalent to prove that∫
Rn
Mδ(g)
−p′(x)u(x) dx ≤ C
∫
g−p
′
(x)Mu(x) dx.
By choosing δ such that 0 < δ < p
1−p
, we have that −p′/δ > 1 and the above inequality
follows from the classical weighted norm inequality of Fefferman-Stein (see [FS]).
ii) It is enough to prove that∫
Rn
|T~bℓ,φ(
~f)(x)|u(x)1/pg(x) dx ≤ Cℓ
(∫
Rn
[MΦ1,L(logL)ℓ
~f(x)]pML(logL)[ℓp+p]u(x) dx
)1/p
‖g‖p′
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for every function g ∈ Lp
′
(Rn). From Lemma 4.1 we get that∫
Rn
|Tbℓj ,φ(
~f)| u1/p g ≤ Cℓ
∑
k,η
Φ1(l(Q
0
k,η))||u
1/pg||L(logL)ℓ,3Q0k,η
m∏
i=1
||fi||L1,3Q0k,η |E
0
k,η|
+ℓCℓ
∑
k,η
Φ1(l(Q
j
k,η))||u
1/pg||L,3Qjk,η
m∏
i=1
||fi||L(logL)δi,j ,3Qjk,η
|Ejk,η|.
Let ǫ0 and ǫ1 be two positive numbers to be chosen later and consider the Young functions
Aℓ(t) = t
p(1 + log+ t)ℓp+(p−1)(1+ǫℓ) and Cℓ(t) = t
p′(1 + log+ t)−(1+ǫℓ). Then, it is easy to
check that A−1ℓ (t)C
−1
ℓ (t) ≤ B
−1
ℓ (t), where Bℓ(t) = t(1 + log
+ t)ℓ, and Cℓ ∈ Bp′. Thus, by
the generalized Ho¨lder’s inequality
ML(logL)ℓ(u
1/pg) ≤MAℓ(u
1/p)MCℓg =
(
MA˜ℓu
)1/p
MCℓg
where A˜ℓ(t) = t(1 + log
+ t)ℓp+(p−1)(1+ǫℓ). Then∫
Rn
|Tbℓj ,φ(
~f)|u1/pg ≤ Cℓ
∫
Rn
MΦ1,L
~f(x)MAℓ(u
1/p)(x)MCℓ(g)(x) dx
+ℓCℓ
∫
Rn
MΦ1,L logL
~f(x)MA0(u
1/p)(x)MC0(g)(x) dx
≤ Cℓ
∫
Rn
MΦ1,L(logL)ℓ
~fMAℓ(u
1/p)[MC0g +MC1g]
≤ Cℓ
(∫
Rn
[MΦ1,L(logL)ℓ
~fMAℓ(u
1/p)]p
)1/p
‖g‖p′
≤ Cℓ
(∫
Rn
[MΦ1,L(logL)ℓ
~f ]pMA˜ℓ(u)
)1/p
‖g‖p′
Thus, by taking ǫℓ =
[ℓp+p]−ℓp−p+1
p−1
we are done. 
5 Proofs of the weak type results
Proof of theorem 3.13 : Let Ωλ = {x ∈ R
n :Mϕ,B ~f(x) > λ
m}. By homogeneity we may
assume that λ = 1. Let K be a compact set in Ω1. Since K is a compact set and using
Vitali’s covering lemma we obtain a finite family of disjoint cubes {Qj} for which
ϕ(|Qj|)
m∏
i=1
‖fi‖B,Qj > 1,
or, equivalently
m∏
i=1
‖ϕ(|Qj|)
1/mfi‖B,Qj > 1
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and K ⊂ Uj3Qj. The proof follows now similar arguments as in the proof of Theorem
4.1 of [PPTT]. We include it for the sake of completeness.
Let gi = ϕ(|Qj |)
1/mfi and C
m
h the family of all subset σ = {σ(1), ..., σ(h)} of different
elements from the index {1, ..., m} with 1 ≤ h ≤ m . Given σ ∈ Cmh and a cube Qi, we
say that i ∈ Bσ if ‖gσ(k)‖B,Qi > 1 for k = 1, ..., h and ‖gσ(k)‖B,Qi ≤ 1 for k = h+ 1, ..., m.
For σ ∈ Cmh and i ∈ Bσ denote
Πk =
k∏
j=1
‖gσ(j)‖B,Qi
and Π0 = 1. Then Πk > 1 for every 1 ≤ k ≤ m and thus
1 < Πk = ‖gσ(k)‖B,Qi Πk−1 = ‖gσ(k)Πk−1‖B,Qi
or, equivalently
(5.1)
1
|Qi|
∫
Qi
B
(
gσ(k)Πk−1
)
> 1.
In particular,
(5.2) 1 <
1
|Qi|
∫
Qi
B
(
gσ(m) Πm−1
)
≤
1
|Qi|
∫
Qi
B
(
gσ(m)
)
B (Πm−1) .
Now, by taking into account the equivalence
‖g‖B,Q ≃ inf
µ>0
{
µ+
µ
|Q|
∫
Q
B(|g|/µ)
}
,
if 1 ≤ j ≤ m− h− 1, by (5.1) we get
Bj(Πm−j) = B
j(‖gσ(m−j)Πm−j−1‖B,Qi)
≤ CBj
(
1 +
1
|Qi|
∫
Qi
B
(
gσ(m−j)Πm−j−1
))
≤
C
|Qi|
∫
Qi
Bj+1
(
gσ(m−j)
)
Bj+1 (Πm−j−1) .
From (5.2), by iterating the inequality above, we obtain
1 < C
1
|Qi|
∫
Qi
B
(
gσ(m)
) 1
|Qi|
∫
Qi
B2
(
gσ(m−1)
)
B2 (Πm−2)
≤ C
(
m−h−1∏
j=0
1
|Qi|
∫
Qi
Bj+1
(
gσ(m−j)
))
Bm−h (Πh)
≤ C
(
m−h−1∏
j=0
1
|Qi|
∫
Qi
Bj+1
(
gσ(m−j)
))( h∏
j=1
Bm−h(‖gσ(j)‖B,Qi)
)
.
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since B is submultiplicative. Thus, since i ∈ Bσ, we have ‖gσ(j)‖B,Qi > 1 for j = 1, ...h,
and it follows that
(5.3) 1 < C
(
m−h−1∏
j=0
1
|Qi|
∫
Qi
Bj+1
(
gσ(m−j)
))( h∏
j=1
1
|Qi|
∫
Qi
Bm−h+1(gσ(j))
)
.
Now, since for 1 ≤ h ≤ m and 0 ≤ j ≤ m−h−1 we have that Bj+1(t) ≤ Bm−h(t) ≤ Bm(t)
and Bm−h+1(t) ≤ Bm(t). Then
1 < C
m∏
j=1
1
|Qi|
∫
Qi
Bm(gj)
or equivalently
|Qi| < C
m∏
j=1
(∫
Qi
Bm(gj)
)1/m
.
Thus, we obtain that
|Qj | ≤ C
m∏
i=1
(∫
Qj
Bm
(
ϕ(|Qj |)
1/m|fi|
))1/m
≤ C
m∏
i=1
(
Bm
(
ϕ(|Qj|)
1/m
) ∫
Qj
Bm (|fi|)
)1/m
since B is submultiplicative.
By applying Ho¨lder’s inequality we have that u(Q)
|Q|
≤
∏m
i=1
(
ui(Q)
|Q|
)1/m
. Then from
the above inequalities we obtain that
u(K) ≤ C
∑
j
u(3Qj)
|3Qj|
|Qj|
≤ C
∑
j
m∏
i=1
(
1
|3Qj|
∫
3Qj
ui
)1/m(
Bm
(
ϕ(|Qj|)
1/m
) ∫
Qj
Bm (|fi|)
)1/m
≤ C
m∏
i=1
(∑
j
Bm
(
ϕ(|Qj|)
1/m
) 1
|3Qj |
∫
3Qj
ui
∫
Qj
Bm (|fi|)
)1/m
≤ C
m∏
i=1
(∫
Rn
Bm (|fi|)Mψ,Lui
)1/m
where ψ = Bm ◦ ϕ1/m and the proof concludes. 
In order to prove Theorem 3.14 we need the following lemma.
(5.4) Lemma: Let q > 1, ǫ > 0, Bℓ(t) = t(1+ log
+ t)ℓ, A˜ℓ(t) = t(1+ log
+ t)ℓq+q−1+ǫ and
let w, u be weights. Then there exists a positive constant C such that the inequality
(5.5)
∫
Rn
MBℓ(f)
q′MA˜ℓ(u)
1−q′w ≤
∫
Rn
|f |q
′
u1−q
′
Mw
holds.
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Proof: Let Aℓ(t) = t
q(1 + log+ t)ℓq+q−1+ǫ and C(t) = tq
′
(1 + log+ t)−(1+
ǫ
q−1
). Then, it is
easy to check that A−1ℓ (t)C
−1(t) ≤ B−1ℓ (t). Thus, by Ho¨lder’s inequality
MBℓ(gu
1/q) ≤MC(g)MAℓ(u
1/q) = MC(g)MA˜ℓ(u)
1/q.
Then, since C ∈ Bq′∫
Rn
MBℓ(gu
1/q)q
′
MA˜ℓ(u)
1−q′w ≤ C
∫
Rn
MC(g)
q′w ≤ C
∫
Rn
|g|q
′
Mw,
where the last inequality was proved in [Pe2]. Finally, by taking g = fu−1/q we obtain
(5.5). 
Proof of theorem 3.14: Let p > 1 to be chosen later. Thus, since Lp,∞ and Lp
′,1 are
associated spaces, we have that
‖T~bℓ,φ
~f‖
1/(pm)
L1/m,∞(u)
= ‖|T~bℓ,φ
~f |1/(pm)‖Lp,∞(u) = sup
‖g‖
Lp
′,1(u)
≤1
∫
Rn
|T~bℓ,φ
~f |1/(pm)g u.
By Theorem 3.11 i) we obtain that∫
Rn
|T~bℓ,φ
~f |1/(pm)g u ≤ Cℓ
∫
Rn
(MΦ1,Bℓ
~f)1/(pm)MBℓ(gu)
= Cℓ
∫
Rn
(MΦ1,Bℓ
~f)1/(pm)
MBℓ(gu)
MA˜ℓ(u)
MA˜ℓ(u),
where A˜ℓ is a Young function to be chosen later. Then, by applying Ho¨lder’s inequality
in Lorentz spaces we obtain that∫
Rn
|T~bℓ,φ
~f |1/(pm)g u ≤ ‖(MΦ1,Bℓ
~f)1/(pm)‖Lp,∞(MA˜ℓ (u))
∥∥∥∥MBℓ(gu)MA˜ℓ(u)
∥∥∥∥
Lp′,1(MA˜ℓ
(u))
.
Now the argument follows in similar way to that in [CPSS] (see also [P] for the multilinear
fractional integral). If we define S(f) =
MBℓ(fu)
MA˜ℓ
(u)
,, the result will be done if we prove that
S : Lp
′,1(u)→ Lp
′,1(MA˜ℓ(u)).
We shall take A˜ℓ such thatMBℓ(u) ≤MA˜ℓ(u), then S : L
∞(u)→ L∞(MA˜ℓ(u)). Thus,
by the Marcinkiewicz’s interpolation theorem in Lorentz spaces due to Hunt (see [BS]),
it is enough to prove that S : L(p+ǫ)
′
(u)→ L(p+ǫ)
′
(MA˜ℓ(u)), which is equivalent to prove
the following inequality
(5.6)
∫
Rn
(MBℓ(f))
(p+ǫ)′(MA˜ℓ(u))
1−(p+ǫ)′ ≤
∫
Rn
|f |(p+ǫ)
′
u1−(p+ǫ)
′
.
By choosing A˜ℓ = t(1 + log
+ t)ℓp+p−1+(ℓ+2)ǫ, ǫ > 0, the above result holds from Lemma
5.6 with q = p + ǫ and w = 1. Then, we obtain that
‖T~bℓ,φ
~f‖L1/m,∞(u) ≤ C‖(MΦ1,Bℓ
~f)‖L1/m,∞(MA˜ℓ(u))
.
Thus, taking p = 1 + δℓ−ǫ(ℓ+2)
ℓ+1
with 0 < ǫ(ℓ + 2) < δℓ we get the theorem, since A˜ℓ(t) =
t(1 + log+ t)ℓ+δℓ .
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